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Abstract-The mathematical formulation of water flow, heat and chemical transport in partially 
saturated porous medium based on the Philip and de Vries model is presented. A finite element 
solution for the one-dimensional equations using Galerkin’s method is outlined and numerical results 
are given. 
1. INTRODUCTION 
The flow of fluids through porous media involves the fluid properties, fluid interaction with the 
porous media, and temperature effects, even in the simplest problems. Generally, problems 
involve several more fluids or phases of a single fluid which interact with each other as well as 
with the porous solid. In the fields of irrigation, drainage engineering and soil science, problems 
of primary interest are the water content as a function of the depth and time; but, depending 
on the types of soils and fertilizers used, the transport of chemicals including natural salts is 
important as well. Investigators have sought to obtain theoretical curves describing the ability of 
soils to take up water, the so-called retention functions, but they are at present mainly empirical. 
The rates at which the transport of chemicals take place are highly temperature dependent 
and so should be included in a general description of irrigation problems. Moreover, when water 
is first applied, there is a region where the medium is saturated and then deeper where it is 
unsaturated. This fact manifests itself mathematically in that the equation describing the flow is 
a degenerate, parabolic equation, being parabolic in the unsaturated region and degenerating to 
an elliptic equation in the saturated region. The main objective of this paper will be to develop 
numerical methods which will enable us to solve systems of partial differential equations defined 
by the models discussed above. 
2. MODEL EQUATIONS 
The description of fluid processes together with the transport of chemicals such as fertilizers and 
pollutants underground in a temperature dependent environment is based upon the continuity 
equation for the fluid, concentration equations for each of the constituents being transported 
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as well as accompanying reaction equations giving the interaction of the constituents with each 
other as well as with the surrounding medium, a heat equation governing the temperature, and 
a vector equation (three scalar equations) governing the flow of the liquid underground. To 
describe the equations which must be treated more precisely, let us choose a one-dimensional 
coordinate system (in the vertical direction) with the positive z-direction pointing upward. In 
what follows, we shall make certain simplifying assumptions which allow us to obtain systems of 
equations which realistically describe the phenomena and at the same time lead to a system of 
mathematical equations which can be treated numerically. 
We shall assume that the concentrations of the chemicals dissolved in the water are sufficiently 
low that they do not affect the fluid properties of the liquid, in our case, water. If the salinity 
of the fluid is high, this assumption must be modified, but in most cases of interest, such as the 
transport of fertilizers and soil salts, this assumption is realistic. See [l] for a detailed study. 
As shown in [2-41 the flow equation governing the water flow may be written 
a$ dT d 
Sl T$ + SP -g = -g 4, (1) 
with 
q=- [ (K+DH”)c$+DT”~+K , 1 
where 
sr, s2 = storage coefficient. 
DHV = isothermal vapor conductivity. 
DTV = thermal water diffusivity. 
q = total volumetric flow rate. 
$ = pressure head. 
T = temperature. 
K = hydraulic conductivity. 
t = time. 
The concentration equation which describes the chemicals in the medium is derived using Fick’s 
law of diffusion and conservation of mass (see [5,6]). Rather than trace the individual constituents 
of the chemical, let us lump them together and denote the concentration by C. Let us denote 
further by q the amount of the chemical sorbed onto the medium. We then obtain the equation 
;(C+q)+q+(C+q)=z Dg , ( > 
where C and q are modeled by the Langmuir-Freundlich equation 
In (3) and (4) D is the dispersion coefficient and CE, p are constants. 
The final set of equations deals with conservation of energy and that leads to a heat equation 
for the temperature T. We would expect to have to set up a separate heat equation for both 
the porous medium and for the invading liquid. However, these two temperatures equilibrate 
very rapidly (see [7,8]) so that it is permissible to treat the fluid together with the surrounding 
medium as a single, composite system. We then obtain a differential equation of the form 
where y is the specific heat and I? is the thermal conductivity which is a function of 1c, and P is 
the density of the composite system given by (see [9]) 
p = ,&, [l - a (T - To)] eb(p-po), 
where ~0, PO, TO are reference values and a, b are constants. Since b (p - PO) G 10A3, we shall 
approximate p by 
?, GZ PO [l - a (T - To)]. (6) 
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3. NUMERICAL SCHEME 
We now describe a numerical algorithm for the solution of the one-dimensional equations (l), 
(3) and (5). W e s a consider the flow of moisture. heat and chemical transport inside a soil h 11 
column bounded by the land surface at z = 0 and some arbitrary depth, z = -L (see Figure 1). 
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Figure 1. Finite element grid. 
We have from (l), (3) and (5) 
Where the coefficients in (7) and (9) are defined as follows: 
s1= (I-$) -qTiZ %I,, 
s2= (l-3 -gy+; 9& 
ss=K+D~v, 
S4 =DTv, 
s5 = K, 
Cl = fir, 
C-J = I?, 
u1 = D, 
(7) 
(3) 
(9) 
(11) 
02) 
(13) 
(14) 
(15) 
(15a) 
(15b) 
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A more detailed discussion of the coefficients is found in [3]. Eq. (8) is obtained by combining (3) 
and (4) and setting 8 = 0. 
The Galerkin formulation is obtained by representing the unknown functions $J, 2’ and C by 
the finite series 
i+ = eTj(t) UWT(Z), 
j=l e 
N 
C = C Cj(t) UW;(Z). 
(17) 
(18) 
j=l e 
Where 4, F and C are the approximate solutions, j is a node index, N is the number of nodes, 
and the superscript e designates element number. The trial function, W;(Z), is non-zero only on 
element e. Its value varies linearly from unity at node j to zero at the other end of the element 
(for a detailed discussion of the application of Galerkin’s method in groundwater flow see [lo]). 
By applying Galerkin’s method of weighted residuals (see [lo]), the following set of integral 
equations is generated: 
J[ a$ a? a a$ a? ~1~+~2~-~ ( SQ~+S~~+S~ R )I . e w,“dz=O, U 
J[ 
. ^ +a&& 
n 
( )I ~4 .Uw;dz=O, e 
(19) 
(21) 
i=1,2 N, I * * * 1 
where R is the solution domain (0 = [-L,O]). 
By using integration by parts, Eqs. (19), (20) and (21) can be rewritten as 
N-l 
c/( e=l R e s$+s,$),dz+~~(s3~+s4~+s5) sdr c 
N-l 
= c [ - Qw$ = -iI,=,; + dl,=,p 
(22) 
e=l 
N-l 
xJ( 
,. 
e=l * e 
(23) 
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where R, is the domain of element e, bounded by nodes at coordinates ZE and ~5, and @ is the 
approximation of the volumetric flow rate represented by 
( a?j Lx? ci=- Sg-+s4-fS5 at a.2 ) . (244 
Note that the presence of 4 in (23) and (24) and the right-hand sides of (22)-(24) requires the 
specification of water, heat and concentration flux boundary conditions. When the approximate 
solutions 4, e and ? are substituted into (22)-(24), we get 
where 
2 aCj 
%j dt + (b!j + Cfj + d~j) Cj 1 + T$ = 0, 
N-l 
aij = cl s1 w; w,” dz, e=l 
a, 
bZ = N~1Ss2W;w~di, 
I?=1 R e 
&f dwe 
s3 2 2 dz, 
dz dz 
N-l 
b”j = C 
s 
e=l n, 
6~1 zw:dz, 
(25) 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
UWA 27:2-E 
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(38) 
and 
N-l 
rt = ES s5 $j dz +&,; - iI,=,; 7 (39) 
e=l n, 
(40) 
(41) 
The integrations are carried out as in [ll]. Since the parameters ~1,. . . , ~5, cl, ~2, and ~1 are 
functions of the state variables $I, C and T, we assume that they vary continuously inside an 
element. Further, we assume that they can be represented as sums similar to (16)-(18) (see [lo]), 
i.e., 
Sk = &klU“$, k=1,...,5, 
l=l e 
N 
ck = ~cklu”$, k = 1,2, (43) 
l=l e 
N 
(44 
where the coefficients slk, ckl and ~11 are, respectively, the values of the Sk, ck and u1 at the 
nodal points. 
Equations (25)-(27) can be written using matrix notation as 
AI$+BI?‘+CI$J+DIT+RI =O, (45) 
A2ti+(Bz+Cz)C+R2 =O, (46) 
A~~?+(BJ+C~)T+R~=O, (47) 
where the dot represents differentiation with respect to time. 
We now approximate the time derivative using a backward difference so the numerical scheme 
is implicit. The final equations are 
T” = & A: $“-I + & B; Tk-1 _ R;, 
Ck=-&~Ck-l-@, 
Tk=&AgTk-‘-@, 
(45) 
(46) 
(47) 
where At is the time increment. 
Equations (45)-(47) f orm a nonlinear system of equations since the coefficient matrices of the 
system are functions of the state variables. One approach that leads to a solution of this nonlinear 
system consists of alternatively solving (45)-(47) for ?/jk, Ck and T”, respectively, in a manner 
analogous to the Gauss-Seidel method for linear systems. The coefficient matrices are updated at 
each iteration until a desirable degree of convergence is obtained. An advantage of this procedure 
is that the matrix equation is always tridiagonal and can be solved efficiently. 
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4. NUMERICAL RESULTS 
We will now use the model to study the problem of infiltration into Yolo light clay. This is a 
classic example that has been treated by Philip (see [12]) using a quasianalytic solution procedure. 
A similar problem using finite differences was solved by Yang and White [13]. However, neither 
of them considered the case when chemicals were present. 
EXAMPLE 1. Following Have&amp et al. [14], we assume: 
if+>-lcm, 
124.6 
%‘) = 124.6 + (-$J)~’ 
(48) 
(49) 
Figure 2 shows these functions. Saturated conductivity is given as 1.23 x 10m5 cm s-l. The 
relations given by (48) and (49) were derived by Have&amp et al. to fit data describing the Yolo 
light clay. 
The boundary and initial conditions are: 
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Figure 2. Here, PF = log(+), T+!J in cm. 
Pv = A t = 0, O<z<lOcm, (50) 
c = 0.5, t = 0, O<z<lOcm, (51) 
T = To, t = 0, OIzIlOcm, (52) 
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pv = P + AP, t > 0, z=Ocm, 
c = 0, t > 0, L=Ocm, 
T = To, t > 0, Z=Ocm, 
t > 0, z = 10 cm, 
dC Tgy= 0 9 t > 0, z=lOcm, 
dT Y&=, 0 t > 0, z = 10 cm, 
(53) 
(54) 
(55) 
(56) 
(57) 
(58) 
with 
p = 4.03 x 10m6g cmv3 7 
Ap = 0.63 x 10m6g cmm3, 
To = 20°C. 
Note that conditions on p,, are implemented by applying appropriate conditions on $. The size 
of the time step is determined automatically by 
(At)k+l = (At)k [-a($,$)]-‘, 
with E$ and E& given by 
(60) 
&=maxITF--T:-‘l. 
i (61) 
Forty elements of 0.25-cm length were used. The time step parameters i+ and in in (59) were 
given the values of 10m3 and lo- 4. The values of parameters used in the calculation where: a = 
-17.78 (“C)-l, PO = 62.61, o = 1.2. Figure 3 shows the numerical solution for the concentration 
at different time steps. 
EXAMPLE 2. We now use the same initial and boundary conditions but as in Example 1 we will 
allow the temperature at the surface to fluctuate. That is, 
TO = 26 + 6 sin(t), 
Figure 4 shows the numerical solution for the concentration at different time steps. 
The fluctuating temperature at the soil surface simulates the daily changes in temperature. The 
differences in the predicted temperature distributions using an average temperature (Figure 3) 
and a more realistic fluctuating temperature (Figure 4) are quite dramatic and indicates that 
the influence of temperature gradients on the evolution of the system is profound and must be 
accounted for. 
Extensive experimentation with the algorithm indicates that it is stable in the range of values 
encountered in soil physics. 
5. CONCLUSION 
The mathematical formulation of water flow, heat and chemical transport in partially satu- 
rated porous medium based on the Philip and de Vries model has been presented. Groundwater 
contamination from industrial chemicals such as gasoline are increasingly found in ground water 
as monitoring programs become more widespread. Soluble organic chemicals such as TCE and 
PCE behave similarly to pesticides in soil in that they undergo vapor and liquid phase movement 
and can adsorb to stationary soil solid materials. The model discussed above can be used to 
estimate the environmental fate of these compounds. 
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Figure 3. Concentration at different time steps. Time is given in seconds. 
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Figure 4. Concentration at different time steps. Time is given in seconds 
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